Abstract-This work considers the problem of the stabiliza tion of linear time invariant systems with two unstable poles plus time delay. For this, we will proposed a simple observer based controller in order to stabilize the system. A robustness analysis with respect to the delay uncertainty is presented as well as numerical examples and electronic implementation of the proposed schema in order to illustrate the performance of the closed loop system.
I. INTRODUCTION.
Time-delay is the property of a physical system by which the response to an applied signal is delayed in its effect. Systems with delays are very common in the world, they appears in various systems as biological, ecological, social, engineering systems, etc., and are due to several mechanisms like material or energy transport, recycling loops, etc,. In addition, actuators, sensors and field networks that are in volved in feedback loops usually introduce such delays, [16] . Also delays can be used in modeling reduction where high order (finite-dimensional) systems are approximated (in some norm sense) by low order systems with delays, [13] . It is known that time-delay is often a source of complex behaviors (oscillations, instability, bad performance), in many dynamic systems, and thus considerable attention has been paid on the stability analysis and controller design of time delay systems. Hence, there exist a great motivation to study of delay effects on dynamical systems properties for two main reasons: first to understand how the delay presence may deteriorate the behavior of the system, and second to control their effects for better performance achieved on closed-loop systems, [5] , [1] .
Several control strategies have been developed to deal with delayed systems. A common approach is to approximate the time-delay operator by means of a Taylor or Pade series which could leads to a non minimum-phase system with ra tional transfer function representation. Another classical con trol approaches for time-delay systems include Proportional Integral-Derivative (PID) control, classical smith predictors (SPC), etc, [8] , [14] .
Open-loop unstable processes arise frequently in the chem ical and biological systems and are fundamentally difficult to -This work was supported in part by CONACyT-Mexico, Under Grant 61713.
978-1-4577-0123-8/11/$26.00 ©2011 IEEE control. Unstable time-delay systems represent a challenge for control design, for instance the SPC scheme has not a stabilization step, which restricts its application to open-loop stable plants. To get over this problem, some modifications of the SPC original structure have been proposed to deal with non-stable delayed process, for instance, [11] has presented an efficient modification to the Smith predictor in order to control unstable first order system plus time delay. With a different perspective, [7] proposes a modification to the original Smith Structure in order to deal with unstable first order delayed systems. Using a similar structure, the result is extended to delayed high order systems [6] . In the last works, a robustness analysis is done concluding that for unstable dead time dominant systems, the closed-loop system can be unstabilized with an infinitesimal value of the modeling error, i.e., that robustness is strongly dependent on the relationship T /Tun, where T is the process time delay and Tun the dominant unstable time-constant. For the control scheme proposed in both latter works, it can be easily proven that in the case of unstable plants, the internal stability is not guaranteed. In fact it is obtained an unstable estimation error and, as a result, a minimal initial condition difference between the original plant and the model produces an internal unbounded signal. Notice that in a practical situation it is not possible to exactly measure the initial condition of the plant to assign the same value to the model considered on the modified Smith compensator.
Many chemical and biological systems exist whose dy namics present second-order behavior. Continuous stirred tank reactors, polymerization reactors and bioreactors are inherently unstable by design, these types of systems can be modeled as open-loop unstable second-order plus time delay models, [12] , [9] . This paper is concerned with the stabilization problem of systems with two unstable poles plus time delay. The control schema relies on an observer-based structure with a memory observer and a memory less state feedback. On the contrary of modified Smith predictors, the scheme only contains discrete time delay (and not distributed ones) which makes easy its practical implementation (see [16] for details on numerical implementation of modified Smith predictor scheme). This paper is organized as follows, the Section 2 is dedicated to the problem formulation. The Section 3 yields the preliminaries results used to obtain the main result of this work. An observer based controller is proposed in order to stabilize the unstable system in the Section 4, also the stability conditions of the proposed controller schema are stated. Then, in section 5 a robustness analysis for the observer based schema with respect to the uncertainty in the delay operator is presented. Numerical simulations are presented in order to show the controller performance and the control strategy is implemented on a real electronic plant built with operational amplifiers. Finally conclusions and future perspectives are stated.
II. PROBLEM STATEMENT.
Consider the following class of single-input single-output (SISO) linear systems with delay at the input:
Where U ( s ) and Y ( s ) are the input and output signals respectively, T � 0 is the time delay, N(s ) and D(s ) are polynomials in the complex variable s and G (s ) is the delay free transfer function. Notice that with respect to the class of systems (1) a traditional control strategy based on an output feedback of the form:
Produces a closed-loop system given by:
Where the exponential term e -T8 located at the denomi nator of the transfer function (3) leads to a system with an infinite number of poles and where the closed-loop stability properties must be carefully stated. This work proposes an observer based control scheme in order to stabilize a system characterized by the following transfer function:
Where, without loss of generality, a � b > 0, T > O. The control schema proposed has been designed based on a traditional observer theory, hence, only the plant model and two static gains are enough to get an adequate estimation of an internal delay free variable which will be used in the final stabilizing control schema.
III. PRELIMINARY RESULTS
Preliminary results are presented, which will be used later in order to state the stability conditions of the studied system.
Consider the following unstable first order system plus time delay:
With a > 0, and a proportional output feedback control as follows:
Which produces a closed-loop system:
The following result has been widely studied in the literature and the proof can be easily obtained by considering different approaches as a classical frequency domain. An alternative simple proof based on a discrete time approach is shown in [3] .
Lemma 1: Consider the delayed system (5) and the pro portional output feedback (6) . Then, there exists a propor tional gain k such that the closed loop system (7), is stable if and only if T < �. Now, consider the system characterized by:
With a , ¢ > O. Note that the system has only one unstable pole. With the proportional output feedback (6), we get a closed-loop system as follows:
Lemma 2: Consider the delayed system (8) and the pro portional output feedback (6) . Then, there exists a propor tional gain k such that the closed loop system (9), is stable if and only if T < � -i.
The proof of this result can easily be obtained by mean of different approaches, as the frequency domain based approach shown in [4] .
IV. CONTROL STR ATEGY PRO POSED.
Consider the class of systems studied in this work and characterized by the transfer function (4) with a , b > 0 and assuming without lost of generality a � b. An observer based control strategy is proposed, which allows to get an estimation of the internal variables of the system to be used as control signals for the real process.
As a first step, the stability conditions for the controller and the observer systems are stated separately . This con ditions will be used later to submit the observer based controller closed loop stability conditions. Necessity. Consider the delayed system (4), and the state feedback controller shown in Figure 1 , with constants k l and k2 such that the closed-loop system is stable. The closed loop transfer function can be written as follows:
with ¢ = ak1 -a. It is well known that a k2 that stabilizes the delayed system (10) must also stabilize the delay free system (see for instance [2] or [5] ), which implies that ¢ > O. Indeed, from Lemma 2, T < � -i with a = b (note that ¢ > 0 is a free parameter function of k1). Let us consider
Note that a root locus and frequency domain analysis can be used to compute proper constant gains k l and k2 in order to stabilize the proportional states feedback scheme.
B. Observer Scheme.
In most of the practical applications, some of the state variables may not be measured. Thus, an observer, based on an output injection strategy is proposed, it can be represented as in Figure 2 . The stability of the observer can be tackled as follows.
Lemma 4: Consider the delayed system (4), and the static output injection scheme shown in Figure 2 . There exist constants g l and g2 such that the closed-loop system is stable if and only if
The proof can be easily derived from a dual procedure of the previous result.
• As in the controller design, the computation of the proportional gains g l and g2 can be solved by mean of a root locus and frequency domain analysis.
Finally, the main result of this work is presented, we propose an observed based controller as in the Figure 3 to stress that, in the proposed scheme, only four proportional gains are sufficient to get a stable closed loop behavior. As a consequence of the previous results, the following lemma can be stated.
Lemma 5: Consider the observer based controller scheme shown in Figure 3 . There exist k l ' k2, g l and g2 such that the closed-loop system is stable if and only if T < �.
Proof As a first step, in order to ensure an accu rate estimation of the states variables, let us demonstrate that the error signal converges asymptotically to zero, i.e., lim [w(t) -w(t)] = 0 if and only if T < 1. Consider the �= a state space representation of the system (4) characterized by the following equation:
y(t) = Cx(t)
. With x(t) = [ w(t)
Note that the state space representation characterized by (11) can be returned to its transfer function representation by mean of:
. Which brings us back to the delayed transfer function (4).
The dynamics of the estimated states and the control law can be described as follows. (13) u(t) = Kx(t).
£(t) = Aox(t)+AIX(t-7)+Bu(t)-G(Cx(t)-y(t))
Where x(t) is the estimated state of x(t), and the propor tional gains are defined by K = [k l k2] and G = [91 92jT.
Let be e(t) : = x(t) -x(t), then we have:
e (t) = x(t) -£(t) = (Ao -GC)e(t) + A1e(t -7). (14)
And the controlled system:
x(t) = Aox(t) + A1x(t -7) + BKx(t).
Noting Xe = [x(t) e(t)]T and after a simple manipulation of variables we have the following closed loop system with the observer and the controller proposed in the Figure 3 :
It is easy to see that the observer and the controller can be designed separately, i.e. satisfies the separation principle.
Hence, the stability of the observer scheme is sufficient to assure the error convergence, i. 
Let be a = 0.7, b = 0.4, a = 1 and 7 = 1, It IS clear that the stability conditions given in Lemma 5 are satisfied, therefore there exist an observer based structure with proportional gains k1, k2, 91 and 92 such that the resulting closed-loop system is stable due to 7 = 1 < 978-1-4577-0123-8/11/$26.00 ©2011 IEEE � = 1.428. As was demonstrated before, the control scheme 3 holds the separation property, hence the design of the controller and the observer is independent. First, from the proof of Lemma 3, the gain k l must be larger than a/a. On the other hand, to ensure the existence of a proportional gain k2 such that the closed loop system is stable, from Lemma
As the value k l can be as large as we wish, the gain chosen is k l = 100.7, form this, after a frequency domain analysis, Nyquist stability criterion for instance, we can compute the gain k2 such that the controller scheme shown in the Figure  3 is stable, for this example, 40 < k2 < 131.06.
The procedure for compute the observer gains 91 and 92 is quite similar, the proportional gain 92 must be larger than b to ensure stability of the system. From Lemma 2 we know that 1 92 > (� - 7) +b.
As the value 92 can be as large as we wish, the gain chosen is 92 = 100.4, form this, after a frequency domain analysis, we can compute the gain 91, such that the observer scheme shown in the Figure 2 Below, for the same example, the observed based con troller is implemented by mean of the Data Acquisition sys tem Sensoray 626, using its analog inputs/ouputs as sensors No mathematical representation can exactly model a phys ical system. For this reason we must be aware of how modeling errors might adversely affect the performance of a control system. Here, we refer to robustness with respect to delay to the fact that the exact value of the delay is not known a priori.
Therefore, we assume now that the delay is uncertain,
i. e. the delay of the real system is T = d(l + oe) and may be different from the one used in the observer (the nominal delay d). Consider the delay uncertainty in the original process, and the design of the observer taking into account the nominal time delay, i.e.,
x(t) Aox(t) + A1X(t -T) + Bu(t)

£(t) A x(t) + A1X(t -d) + Bu(t) -G(Cx(t) -y(t)) u(t) Kx(t).
Let us consider the observer-controller system with the form (18) and its extended closed loop system considering the delay uncertainty characterized as follows:
.
[ e -S T = e -sd (H 80 ) = e -sd e -sd80 = e -Sd (l -�). 
Then for all lei ::::; 1 and the uncertainty bound omax the determinant has a fixed sign, implying the absence of zero crossings, and henceforth the stability of the perturbed system (provided the nominal one is stable) [10] , [15] . Example 2. In order to illustrate the above robustness analysis we can consider the example given in the section IV , and characterized by the following transfer function:
Let us choose a = 0.7, b = 0.4, 0: = 1 and T = 1, the constant gains, already computed, to stabilize the system are k l = 100.7, k2 = 90, g l = 80 and g2 = 100.4. Therefore, with (24) we can compute omax = 0.057023, the maximum uncertainty bound of the delay.
The Figure 6 shown the performance of the closed loop system when there is not uncertainty in the delay value (con tinuos line), and the behavior when the maximum uncertainty bound is present in the system (dash line). The following 
